A quantization of Sylvester’s law of inertia

Kenny De Commer
VUB (Brussels)

(joint work in progress with S. Moore)

November 23 2020
Quantum Groups Seminar

VRIJE
UNIVERSITEIT
BRUSSEL



Overview

Setting
Sylvester's law of inertia
The semiclassical picture

Statement of the main results



Setting

Real algebraic space X
(Liberation, g-deformation, ...) ” (xy =yx,q—>1,...)

NC #-algebra O(X) + Spectral conditions

Representation category ” Forgetful functor

W* — category X.



Self-adjoint matrices

Sylvester’s law of inertia

Fix N € Z>1. We put

H(N) = {he My(C) | h* = h}.



Sylvester’s law of inertia

Spectral theorem

Let A be the set of multi-sets of N real numbers,

A = RN/Sym(N).
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Consider
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H(N)/U(N) = A, [h] — eigenvalues of h.



Sylvester’s law of inertia

Spectral theorem

Let A be the set of multi-sets of N real numbers,

A = RN /Sym(N).

Theorem (Spectral theorem (Cauchy))
Consider
Ad: H(N) x U(N) — H(N), Ad,(h) = u*hu.

Then
2

H(N)/U(N) = A, [h] — eigenvalues of h.

Note: we have a natural section

A= HN),  A={\>...> A} — diag(As, ..., An).



Sylvester’s law of inertia

Sylvester's law of inertia

Let Sign be the set of multi-sets of N signs,
Sign = {—1,0,1}V/Sym(N).

We can identify Sign with partitions N = Ng + Ny + N_.
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Sylvester's law of inertia
Let Sign be the set of multi-sets of N signs,

Sign = {—1,0,1}V/Sym(N).

We can identify Sign with partitions N = Ng + Ny + N_.

Theorem (Sylvester’s law of inertia)
Consider

Ad: H(N) x GL(N,C) — H(N),  Ady(h) = x*hx.

Then

H(N)/GL(N,C) 2 Sign, [h] — signs of eigenvalues of h.



Sylvester’s law of inertia

Conjugation by the triangular subgroup

Let T(N) be the uppertriangular matrices with positive diagonal
T(N) = {t|ti>0and tj=0 fori> j}.
Then we have the Gauss decomposition

U(N) x T(N) = GL(N,C),  (u,t)— ut.
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Sylvester's law of inertia

Conjugation by the triangular subgroup

Let T(N) be the uppertriangular matrices with positive diagonal
T(N) = {t|ti>0and tj=0 fori> j}.

Then we have the Gauss decomposition

U(N) x T(N) =~ GL(N,C), (u, t) — ut.
Let S be the set of shapes

S ={Se H(N) | Sex = uxey(xy with lug|? = |uil}.

Theorem (Elsner '79, Gohberg-Goldberg '82)
Consider

Ad: H(N) x T(N) = H(N),  Ade(h) = t*ht.

Then SLHWN)/T(N),  S—I[S]



Sylvester’s law of inertia
Intersection of orbits

Let Cp = Ady(ny(h) N Adr(n(h), and put
A(N) = {Ch}.



Sylvester’s law of inertia

Intersection of orbits

Let Cp = Ady(ny(h) N Adr(n(h), and put
H(N) = {Cy}.

Theorem

The Cy are connected, and we have an isomorphism

S x Slgn

/\ /N

H(N)/GL(N,C) Sign



Sylvester’s law of inertia

Example

The set ﬁ(2) has the following representatives h:

Signature (0,0): <8 8)

» Signature (0, +1): (io)\ 8) 8 f)\)

» Signature (£1,+1): (ig\l _& )
TA2

» Signature (£1, ¥1): (i/\l 0 ) (0 o
2

v

0 FA



Sylvester’s law of inertia

Visual representation

Matrices (i ; E a) with t € R fixed and a, c € R:

AN 72



The semiclassical picture
Poisson manifolds

Definition
M is a Poisson manifold if we have a Lie bracket

{—,—}: C*(M) x C*(M) > C*(M)

with
{f,—} € Der(C*(M)), Vfe CP(M).

Hence {f, —} gives a vector field X with X(r o3 = [X¢, Xg].

11



The semiclassical picture
Poisson manifolds

Definition
M is a Poisson manifold if we have a Lie bracket

{= =} C%(M) x C*(M) — C*(M)
with
{f,—} € Der(C*(M)), Vf e C*(M).
Hence {f, —} gives a vector field X with X(r o3 = [X¢, Xg].

Definition
The symplectic leaves of (M, {—, —}) are the leaves of the foliation
associated to the involutive distribution &2 with

Pm={(Xf)m| feC®(M)}.

11



The semiclassical picture

H(N) as Poisson manifold

If (M,{—,—}) is Poisson, we have a bivector field

2 eNTM,  {f, g}(m) = (dfp, ® dgm, Zm).

12



The semiclassical picture

H(N) as Poisson manifold
If (M,{—,—}) is Poisson, we have a bivector field
X eNTM,  {f,g}(m) = (dfn ® dgm, Zm).

Theorem (Karolinksy '95, Lu-Yakimov '08)
Let

r_26u®eu+zzey®ejn Zell®ell+22ejl®elj

i<j i<j

Then H(N) is a Poisson manifold through the bivector field
iXp=r'(h®@h)—(h@hr+(he1)r(l®h) — (1 hr'(h®1)

Moreover, H(N) is the partition of H(N) into its symplectic leaves.
12



The semiclassical picture
Kontsevich formality

Theorem (Kontsevich formality)

Let (M,{—,—}) be a Poisson manifold. Then there exists an
(essentially unique) associative product = on C*(M)[[h]] with

fg="fg+ih{f g} + O(h?).

We call (C*(M)[[h]], ) a (formal) deformation quantization.
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The semiclassical picture
Braid operator

Let g, = e € C[[h]]. We have the braid operator

A —d;; _
R=th eji ® ejj + (th _qh)zejj®eii

ij i<j

e My(CI[[h]]) ® Mn(C[[H]]).

It satisfies the braid relation

Ri2R23R12 = Ro3Ri2Ro3

/J_ //

// (/

14



The semiclassical picture

REA

Definition
Reflection Equation Algebra Ag over C[[h]]:
» Generators: Zjj for 1 <i,j < N.

» Relations: with Z = (Zj;) € My(ARg) we ask

RAI®Z2)R1®Z)=(1®2)R1® 2)R

15



The semiclassical picture

REA

Definition
Reflection Equation Algebra Ag over C[[h]]:
» Generators: Zjj for 1 <i,j < N.

» Relations: with Z = (Zj;) € My(ARg) we ask

RAI®Z2)R1®Z)=(1®2)R1® 2)R

Theorem
There exists a deformation quantization for (H(N),{—, —}) with

Ar — CZ(H(N))[[A]]-

15



The semiclassical picture

Specialisation

Denote Ag = Ox(H(N)). Then we have a C[gs, g;, *]-subalgebra
On(H(N)) 2 Og,(H(N)) = (ai ", Zy).

Moreover, for g € C\{0} we can specialize to a C-algebra

Oq(H(N)) = Oq,(H(N))/(an — q)-

16



The semiclassical picture

Specialisation

Denote Ag = Ox(H(N)). Then we have a C[gs, g;, *]-subalgebra
On(H(N)) 2 O, (H(N)) = {a;™, Zy).

Moreover, for g € C\{0} we can specialize to a C-algebra

Oq(H(N)) = Oq,(H(N))/(an — q)-

Definition
Let 0 < g < 1. We define the #-REA Oq(H(N)) by the *-operation

Z*=Z.
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The semiclassical picture

Example: N =2

For N = 2, we have Z = (i vuv) selfadjoint and

zZw = q2wz, zv = q_2vz, zZu = uz,

w = wv+(1—q%)z° — (1 — ¢*)uz,

vu = q22v+uv — q4zv.

17



Statement of the main results

Goal and first main result

Goal

Classify the irreducible bounded s-representations of Oq(H(N)).
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Goal and first main result

Goal

Classify the irreducible bounded s-representations of Oq(H(N)).

We have a W*-category

Hy(N) = {bounded # —representations of O4(H(N))}.
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Statement of the main results

Goal and first main result

Goal
Classify the irreducible bounded s-representations of Oq(H(N)).
We have a W*-category

Hy(N) = {bounded # —representations of O4(H(N))}.

Theorem (DC-Moore (2020))

The «-algebra Oq(H(N)) is C*-faithful and type I:
- ety Ker(r) = {0},
» Each C*(r) := w(O4(H(N)))™™ < js type I.
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Statement of the main results
Center of O4(H(N))

Theorem (Nazarov-Tarasov '94, Pyatov-Saponov '95)
The center Z(0q(H(N))) = Clo1,...,on] with

ZV 0y ZN Y4+ (~1)oy = 0.

If 7 is an irreducible bounded #-representation of Oq(H(N)), then

m(ok) = of € R.

19



Statement of the main results

Second main result

For s € RN we write ps(x) = xV — s;xN=1 + ...+ (=1)sp.
Theorem (DC-Moore 2020)

Let s € RN. There exists an irreducible #-representation with
sk = o if and only if the roots of ps are of the form

— 2a4+2m 20+2m 2842n 2842ny_
)\Tl'_{& 7_97q 15"'aq N+a_q5 17"'7_q N}

where m; # m; and n; # n; are integers.
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Statement of the main results

Second main result

For s € RN we write ps(x) = xV — s;xN=1 + ...+ (=1)sp.
Theorem (DC-Moore 2020)

Let s € RN. There exists an irreducible #-representation with
sk = o if and only if the roots of ps are of the form

— 2a4+2m 20+2m 2842n 2842ny_
)\Tl'_{& 7_97q 15"'aq N+a_q5 17"'7_q N}

where m; # m; and n; # n; are integers.
Definition
We call (No, Ny, N_, 3 — a + Z) the extended signature of .

20



Statement of the main results

The quantum algebra of GL(N,C)

Definition

The #-algebra O?(GL(N,(C)) is generated by Xj;, X}, Yj;, Yj; with

X*

RX1Xo = X1 Xo R

=Yy =y y*

RY1Y> = Y1 YoR

ijs i T

:X,:X_l

RX1Ys = Y1 XoR

21



Statement of the main results

The quantum group associated to GL(N,C)

We have a W*-category

GL4(N) = {bounded # —representations of O?(GL(N))}.
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Statement of the main results

The quantum group associated to GL(N,C)

We have a W*-category
GL4(N) = {bounded # —representations of O?(GL(N))}.
As O?(GL(N,(C)) is a Hopf =-algebra by
A(X) = X1 Xz,
we obtain a monoidal W*-category:
GL4(N,C) x GL4(N,C) — GL4(N,C),

(A1, A2) = Atda = (A1 ® A2) 0 A.

22



Statement of the main results
Adjoint action

We have a coaction

Adg : Og(H(N)) — Og(H(N)) ® Og(GL(N, C)),

Z — X*ZX.
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Statement of the main results
Adjoint action

We have a coaction

Adg : Og(H(N)) — Og(H(N)) ® O%(GL(N,C)),  Z > X*ZX.

Hence Hq(N) becomes a module W*-category over GLg(N, C) via
Ad : Hg(N) x GL4(N,C) — Hgy(N),

(m,A) = Ady(7m) = (T® ) o Adg.

23



Statement of the main results

The third main result

For 71, m € Hg(N), we write

T < Mo iff C*(mp) = C*(m1).

24



Statement of the main results

The third main result

For 71, m € Hg(N), we write

T < Mo iff C*(mp) = C*(m1).

Theorem (Quantized Sylvester's law of inertia)

Two irreducible #-representations 7y, m> of Oq(H(N)) have the
same extended signature if and only if there is A € GL4(N, C) with

71 < Ady(72).
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Statement of the main results

Let Ay = A be the multi-sets of the form

)\ = {(& L} Oa q2a+2m1, ceey q2a+2mN+ s _q2/6+2n1’ ey _q2ﬁ+2nN_}

———
No

To any irreducible 7 one can associate a ‘generalized shape’ S;.
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Statement of the main results

Let Ay = A be the multi-sets of the form

_ 2a+42m 2a+2my 2B+2n 28+2ny_
/\—{O,...,O,q 17"'7q +7_q,6 la"'a_q }
(S

No

To any irreducible 7 one can associate a ‘generalized shape’ S;.
Based on Kirillov's orbit method, we make the following conjecture.

Conjecture

Let I:Iq(N) = {irreducible = -representations of Oq(H(N))}/ =.
Then the following is a well-defined bijection:

~

Hq(N) - Aq X Sign S, m— (/\msw)-

25
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