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Setting

Real algebraic space X

(Liberation, q-deformation, ...) ë pxy “ yx, q Ñ 1, ...q

NC ˚-algebra OpXq ` Spectral conditions

Representation category ë Forgetful functor

W ˚ ´ category X.
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Sylvester’s law of inertia

Self-adjoint matrices

Fix N P Zě1. We put

HpNq “ th P MNpCq | h˚ “ hu.
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Sylvester’s law of inertia

Spectral theorem

Let Λ be the set of multi-sets of N real numbers,

Λ “ RN{SympNq.

Theorem (Spectral theorem (Cauchy))

Consider

Ad : HpNq ˆ UpNq Ñ HpNq, Aduphq “ u˚hu.

Then

HpNq{UpNq
λ
– Λ, rhs ÞÑ eigenvalues of h.

Note: we have a natural section

Λ Ñ HpNq, λ “ tλ1 ě . . . ě λNu ÞÑ diagpλ1, . . . , λNq.
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Sylvester’s law of inertia

Sylvester’s law of inertia

Let Sign be the set of multi-sets of N signs,

Sign “ t´1, 0, 1uN{SympNq.

We can identify Sign with partitions N “ N0 ` N` ` N´.

Theorem (Sylvester’s law of inertia)

Consider

Ad : HpNq ˆ GLpN,Cq Ñ HpNq, Adxphq “ x˚hx .

Then

HpNq{GLpN,Cq
ς
– Sign, rhs ÞÑ signs of eigenvalues of h.
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Sylvester’s law of inertia

Conjugation by the triangular subgroup

Let T pNq be the uppertriangular matrices with positive diagonal

T pNq “ tt | tii ą 0 and tij “ 0 for i ą ju.

Then we have the Gauss decomposition

UpNq ˆ T pNq – GLpN,Cq, pu, tq ÞÑ ut.

Let S be the set of shapes

S “ tS P HpNq | Sek “ ukeσpkq with |uk |
2 “ |uk |u.

Theorem (Elsner ’79, Gohberg-Goldberg ’82)

Consider

Ad : HpNq ˆ T pNq Ñ HpNq, Adtphq “ t˚ht.

Then
S

ρ
– HpNq{T pNq, S ÞÑ rSs.
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Sylvester’s law of inertia

Intersection of orbits

Let Ch “ AdUpNqphq XAdT pNqphq, and put

pHpNq “ tChu.

Theorem
The Ch are connected, and we have an isomorphism

pHpNq

%%xx

S ˆSign Λ

����
HpNq{T pNq

&&

HpNq{UpNq

xx

– S

��

Λ

��
HpNq{GLpN,Cq Sign
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Sylvester’s law of inertia

Example

The set pHp2q has the following representatives h:

§ Signature p0, 0q:

ˆ

0 0
0 0

˙

§ Signature p0,˘1q:

ˆ

˘λ 0
0 0

˙

,

ˆ

0 0
0 ˘λ

˙

,

§ Signature p˘1,˘1q:

ˆ

˘λ1 0
0 ˘λ2

˙

,

§ Signature p˘1,¯1q:

ˆ

˘λ1 0
0 ¯λ2

˙

,

ˆ

0 ūλ
uλ δ

˙
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Sylvester’s law of inertia

Visual representation

Matrices

ˆ

a c
c t ´ a

˙

with t P R fixed and a, c P R:
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The semiclassical picture

Poisson manifolds

Definition
M is a Poisson manifold if we have a Lie bracket

t´,´u : C8pMq ˆ C8pMq Ñ C8pMq

with
tf ,´u P DerpC8pMqq, @f P C8pMq.

Hence tf ,´u gives a vector field Xf with Xtf ,gu “ rXf ,Xg s.

Definition
The symplectic leaves of pM, t´,´uq are the leaves of the foliation
associated to the involutive distribution P with

Pm “ tpXf qm | f P C
8pMqu.



11

The semiclassical picture

Poisson manifolds

Definition
M is a Poisson manifold if we have a Lie bracket

t´,´u : C8pMq ˆ C8pMq Ñ C8pMq

with
tf ,´u P DerpC8pMqq, @f P C8pMq.

Hence tf ,´u gives a vector field Xf with Xtf ,gu “ rXf ,Xg s.

Definition
The symplectic leaves of pM, t´,´uq are the leaves of the foliation
associated to the involutive distribution P with

Pm “ tpXf qm | f P C
8pMqu.



12

The semiclassical picture

HpNq as Poisson manifold

If pM, t´,´uq is Poisson, we have a bivector field

X P Λ2TM, tf , gupmq “ pdfm b dgm,Xmq.

Theorem (Karolinksy ’95, Lu-Yakimov ’08)

Let

r “
ÿ

i

eii b eii ` 2
ÿ

iăj

eij b eji , r 1 “
ÿ

i

eii b eii ` 2
ÿ

iăj

eji b eij

Then HpNq is a Poisson manifold through the bivector field

iXh “ r 1ph b hq ´ ph b hqr ` ph b 1qrp1b hq ´ p1b hqr 1ph b 1q

Moreover, pHpNq is the partition of HpNq into its symplectic leaves.
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The semiclassical picture

Kontsevich formality

Theorem (Kontsevich formality)

Let pM, t´,´uq be a Poisson manifold. Then there exists an
(essentially unique) associative product ˚ on C8pMqrrhss with

f ˚ g “ fg ` ihtf , gu ` Oph2q.

We call pC8pMqrrhss, ˚q a (formal) deformation quantization.
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The semiclassical picture

Braid operator

Let qh “ eh P Crrhss. We have the braid operator

R̂ “
ÿ

ij

q
´δij
h eji b eij ` pq

´1
h ´ qhq

ÿ

iăj

ejj b eii

P MNpCrrhssq bMNpCrrhssq.

It satisfies the braid relation

R̂12R̂23R̂12 “ R̂23R̂12R̂23

“
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The semiclassical picture

REA

Definition
Reflection Equation Algebra AR over Crrhss:

§ Generators: Zij for 1 ď i , j ď N.

§ Relations: with Z “ pZijq P MNpARq we ask

R̂p1b Z qR̂p1b Z q “ p1b Z qR̂p1b Z qR̂

Theorem
There exists a deformation quantization for pHpNq, t´,´uq with

AR ãÑ C8pHpNqqrrhss.
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The semiclassical picture

Specialisation

Denote AR “ OhpHpNqq. Then we have a Crqh, q´1h s-subalgebra

OhpHpNqq Ě OqhpHpNqq “ xq
˘1
h ,Zijy.

Moreover, for q P Czt0u we can specialize to a C-algebra

OqpHpNqq “ OqhpHpNqq{pqh ´ qq.

Definition
Let 0 ă q ă 1. We define the ˚-REA OqpHpNqq by the ˚-operation

Z˚ “ Z .
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The semiclassical picture

Example: N “ 2

For N “ 2, we have Z “

ˆ

z w
v u

˙

selfadjoint and

zw “ q2wz , zv “ q´2vz , zu “ uz ,

vw “ wv`p1´ q2qz2 ´ p1´ q2quz ,

vu “ q2zv`uv ´ q4zv .
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Statement of the main results
Goal and first main result

Goal
Classify the irreducible bounded ˚-representations of OqpHpNqq.

We have a W˚-category

HqpNq “ tbounded ˚ ´representations of OqpHpNqqu.

Theorem (DC-Moore (2020))

The ˚-algebra OqpHpNqq is C˚-faithful and type I :

§ XπPHqpNqKerpπq “ t0u.

§ Each C˚pπq :“ πpOqpHpNqqq
norm-cl is type I .
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Statement of the main results
Center of OqpHpNqq

Theorem (Nazarov-Tarasov ’94, Pyatov-Saponov ’95)

The center Z pOqpHpNqqq “ Crσ1, . . . , σN s with

ZN ´ σ1Z
N´1 ` . . .` p´1qσN “ 0.

If π is an irreducible bounded ˚-representation of OqpHpNqq, then

πpσkq “ σπk P R.
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Statement of the main results
Second main result

For s P RN we write pspxq “ xN ´ s1x
N´1 ` . . .` p´1qsN .

Theorem (DC-Moore 2020)

Let s P RN . There exists an irreducible ˚-representation with
sk “ σπk if and only if the roots of ps are of the form

λπ “ t0, . . . , 0
loomoon

N0

, q2α`2m1 , . . . , q2α`2mN` ,´q2β`2n1 , . . . ,´q2β`2nN´ u

where mi ‰ mj and ni ‰ nj are integers.

Definition
We call pN0,N`,N´, β ´ α` Zq the extended signature of π.
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Statement of the main results
The quantum algebra of GLpN ,Cq

Definition
The ˚-algebra OR

q pGLpN,Cqq is generated by Xij ,X
1
ij ,Yij ,Y

1
ij with

X ˚ “ Y 1 “ Y´1 Y ˚ “ X 1 “ X´1

R̂X1X2 “ X1X2R̂ R̂Y1Y2 “ Y1Y2R̂ R̂X1Y2 “ Y1X2R̂
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Statement of the main results
The quantum group associated to GLpN ,Cq

We have a W˚-category

GLqpNq “ tbounded ˚ ´representations of OR
q pGLpNqqu.

As OR
q pGLpN,Cqq is a Hopf ˚-algebra by

∆pX q “ X1X2,

we obtain a monoidal W˚-category:

GLqpN,Cq ˆ GLqpN,Cq Ñ GLqpN,Cq,

pλ1, λ2q ÞÑ λ1λ2 “ pλ1 b λ2q ˝∆.
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Statement of the main results
Adjoint action

We have a coaction

Adq : OqpHpNqq Ñ OqpHpNqq bOR
q pGLpN,Cqq, Z ÞÑ X ˚ZX .

Hence HqpNq becomes a module W˚-category over GLqpN,Cq via

Ad : HqpNq ˆ GLqpN,Cq Ñ HqpNq,

pπ, λq ÞÑ Adλpπq “ pπ b λq ˝Adq .
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Statement of the main results
The third main result

For π1, π2 P HqpNq, we write

π1 ď π2 iff C˚pπ2q� C˚pπ1q.

Theorem (Quantized Sylvester’s law of inertia)

Two irreducible ˚-representations π1, π2 of OqpHpNqq have the
same extended signature if and only if there is λ P GLqpN,Cq with

π1 ď Adλpπ2q.
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Statement of the main results
A conjecture

Let Λq Ď Λ be the multi-sets of the form

λ “ t0, . . . , 0
loomoon

N0

, q2α`2m1 , . . . , q2α`2mN` ,´q2β`2n1 , . . . ,´q2β`2nN´ u

To any irreducible π one can associate a ‘generalized shape’ Sπ.

Based on Kirillov’s orbit method, we make the following conjecture.

Conjecture

Let pHqpNq “ tirreducible ˚ -representations of OqpHpNqqu{ –.
Then the following is a well-defined bijection:

pHqpNq Ñ Λq ˆSign S, π ÞÑ pλπ,Sπq.
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